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We describe the dynamical preparation of magnetic states in a strongly interacting two-component
Bose gas in a harmonic trap. By mapping this system to an effective spin chain model, we obtain
the dynamical spin densities and the fidelities for a few-body system. We show that the spatial
profiles transit between ferromagnetic and antiferromagnetic states as the intraspecies interaction
parameter is slowly increased.
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I. INTRODUCTION
The recent progress in magneto-optical trapping of ul-
tracold atoms [1] has opened up a new area of experimen-
tal development in physics, allowing for the construction
of paradigmatic models of quantum mechanics. One of
the most important product of these advances is the real-
ization of effective one-dimensional (1D) atomic systems
[2–5] where interactions can be tuned via Feshbach [6]
or confinement induced resonances [7, 8]. Specially rele-
vant among these 1D experiments is the strongly repul-
sive bosonic system known as the Tonks-Girardeau gas
[9, 10]. The refinements in manipulation and controlling
of cold atoms also enabled the probing of fundamental
properties of quantum systems through the construction
of few-body ensembles [11–13].
From a theoretical standpoint, the problem of few par-
ticles interacting in a harmonic trap has been addressed
through different approaches, both exact and approxima-
tive [14–20]. The case of strongly interacting atoms, in
particular, has been shown to be analogous to an effective
1D spin chain [21–24]. Moreover, strongly interacting
few-body systems are suitable for studying the origins
of quantum magnetism [25–27] even in models without
underlying lattices. Recently, it has been shown that dif-
ferent magnetic orderings can also be induced by adding
p-wave interactions to the system [28]. While many of
these works deal with static properties, the studies in-
volving dynamical features such as spin transport [29],
state transfer [30, 31] and time evolution following a sud-
den quench [32] are less numerous. Nonetheless, they
are of great experimental interest [29], specially due to
their possible applications in spintronics, quantum infor-
mation processing and communication [33]. Therefore,
a more detailed investigation of quantum dynamics and
magnetism in this few-body strongly interacting context
is welcome and constitutes the main focus of this work.
Given the motivations above and viewing the possi-
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bility of experiments with ultracold few-body Bose mix-
tures, we consider a model of strongly interacting two-
component bosonic atoms in a harmonic trap. It is
known that different magnetic states arise as the inter-
actions between bosonic or fermionic atoms are manip-
ulated [27, 34]. Here, we specifically show that the spin
densities of the system transit between states with clear
ferromagnetic (FM) and antiferromagnetic (AFM) pro-
files as the intraspecies interaction is increased in time.
This transition is visible not only in the dynamical fideli-
ties, but also in the spatial distribution of the spins in
the trap.
The paper is organized as follows: in section II we
present the Hamiltonian for the strongly interacting two-
component bosonic system and the mapping to an effec-
tive spin chain model. By considering the solution of
the system in the infinite repulsion limit, we calculate
the ground state spatial densities and the trap-dependent
geometric coefficients. The system is then considered to
be completely described only by the solution of the spin
chain Hamiltonian. We choose to initialize the system in
an eigenstate where the intraspecies interaction is smaller
than the interspecies interaction. In section III we pro-
ceed to obtain the dynamics of the system: by changing
the intraspecies interaction in time and solving the eigen-
value problem at each time step, we can obtain the time
evolution of the spin densities. We show that, for in-
creasing intraspecies repulsion, the system evolves from
an initial FM state and asymptotically reaches an AFM
profile. We demonstrate this by calculating the time evo-
lution of spin densities for different imbalanced systems.
In the balanced case, although the spin densities pro-
vide less information when compared to the imbalanced
situation, the squared fidelities still show the transitions
between FM and AFM states. In section IV we present
the conclusions and future work perspectives.
II. HAMILTONIAN AND MAPPING TO AN
EFFECTIVE SPIN CHAIN
We consider a trapped 1D Bose gas with contact inter-
actions and two different bosonic species (↑, ↓). The total
number of particles is N = N↑+N↓ where N↑ and N↓ are
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2the numbers of particles of species ↑ and ↓, respectively.
The N -body hamiltonian is given by
H =
N∑
i
H0(xi) + g
∑
↑↓
δ(xi − xj) + (1)
κg
∑
↑↑
δ(xi − xj) + κg
∑
↓↓
δ(xi − xj),
where we assume h¯ = m = 1 and
H0(x) = −1
2
∂2
∂x2
+ V (x) (2)
is the single particle hamiltonian for a given potential
V (x) (for harmonic trapping, we have V (x) = x2/2).
The remaining terms of the hamiltonian account for the
contact interactions between particles of different species
(with strength parameter g) and of the same species (with
strength parameter κg). We consider the length, time
and energy units to be l =
√
h¯/mω, τ = 1/h¯ω and h¯ω,
respectively, where ω is the longitudinal harmonic con-
finement frequency [7].
FIG. 1: (a) A system of strongly interacting atoms in a trapping
potential can be mapped to an effective spin chain model where
the coefficients α are determined by the geometry of the trap.
In the limit of infinite repulsion (1/g = 0), the solu-
tion of this system is given by the Bose-Fermi mapping
[35]. This wave function of hardcore bosons is a sym-
metrized Slater determinant constructed from the indi-
vidual eigenstates of the single-particle Hamiltonian (2).
Its energy E0 is simply the sum of the energies of the
lowest occupied energy levels of the potential V (x).
In the limit of strong interactions (g  1), the Hamil-
tonian (1) can be mapped, up to linear order in 1/g, to
a spin chain model given by
Hs = E0 −
N−1∑
i=1
αi
g
[
1
2
(1− σi · σi+1) + 1
κ
(1 + σizσ
i+1
z )
]
,
(3)
where σi = (σix, σ
i
y, σ
i
z) are the Pauli matrices acting on
site i and E0 is the energy of the hardcore boson (or
spinless fermion) system. In the limit of κ → ∞ and
positive g the identical bosons are non-interacting, while
for κ = 1, the interaction strength between all bosons is
the same. In the particular case of κ = 2 we have an ef-
fective XX model, as summarized in Ref. [22]. The spin
model for bosons described in Ref. [24] can be obtained
from Eq. 3 by performing a unitary transformation (see
supplemental material of Ref. [36]).
The coefficients α depend only on the geometry of the
trap and are obtained from [22]
αi =
∫
x1<x2...<xN−1 dx1...dxN−1
∣∣∣ ∂Φ20∂x2N ∣∣∣2xN=xi∫
x1<x2...<xN−1 dx1...dxN |Φ20|
, (4)
where Φ0(x1, ...xN ) is the wave function for spinless
fermions. An efficient computational scheme for obtain-
ing the α’s as the number of atoms N is increased is
presented in Ref. [37].
In Fig. 1 (a) we represent the mapping from a strongly
interacting 1D system in a harmonic trap to a spin chain
characterized by the geometric coefficients α. We will
mainly focus on the N = 5 problem, for which we obtain
α1 = α4 = 2.16612 and α2 = α3 = 3.17738 (since the
trap is symmetric, we have that αi = αN−i). Due to a
factor of 1/2 in the spin chain Hamiltonian, our geometric
coefficients αi are twice as large as the ones calculated in
Ref. [27].
A. One-body correlations for the hardcore boson
system
We focus initially in obtaining the one-body densities
for the hardcore boson system, since this accounts for the
spatial part of the wave functions. The spatially ordered
one-body correlations are given by
ρi(x) =
∫
dx1...dxN δ(xi − x)|Φ0(x1, ..., xi, ..., xN )|2,
(5)
where δ(x) is the Dirac delta function, and the integra-
tion is restricted to the sector x1 ≤ ... ≤ xi ≤ ... ≤ xN .
In Fig. 2 we show the densities for the cases of N = 5.
For larger N , these integrals become harder to calculate;
however, the densities at x > 0 can be obtained by mir-
roring the results for x < 0 [38].
- 4 - 2 0 2 40.0
0.2
0.4
0.6
0.8
1.0
FIG. 2: One-body densities for N = 5, calculated for the sector
x1 ≤ ... ≤ xi ≤ ... ≤ x5. The total density (black dashed curve) is
normalized to N .
B. Spin densities and initial state for N = 5
By taking Eq. 5 for the case of N = 5, we can calculate
the spin densities for the imbalanced cases of three bosons
3of species ↑ and two bosons of species ↓ (N↑ = 3, N↓ = 2)
and four bosons of species ↑ and one boson of species ↓
(N↑ = 4, N↓ = 1). To write the separate densities for
components ↑ and ↓ we must combine the spatial and
spinorial contributions; the density for component ↑, for
instance, is given by [25]
ρ↑(x) =
N∑
i=1
ρi↑(x), (6)
where ρi↑ = m
i
↑ρ
i(x) and mi↑ the probability of finding a
boson of species ↑ at site i and ρi(x) is given by Eq. 5.
The value of mi for an eingenstate is found by exact
diagonalization of Hamiltonian 3, where we consider g =
100. Since the total spin projection has to be conserved,
we choose the basis to be composed only by the desired
states, such as |↑↑↑↓↓〉, ..., |↓↓↑↑↑〉 for the N↑ = 3, N↓ = 2
case and |↑↑↑↑↓〉, ..., |↓↑↑↑↑〉 for the N↑ = 4, N↓ = 1 case.
The complete ground state wave function, including
the spatial and spin eigenfunctions, must take into ac-
count the combined symmetry of these states. For in-
stance, for a bosonic system, the ground state of the spin
Hamiltonian is symmetric, which means that the spa-
tial part of the wave function must also be symmetric to
account for a totally symmetric state [38]. In the follow-
ing sections, however, we do not take the complete wave
function into account since we are dealing directly with
the spin densities given by Eq. 6.
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FIG. 3: Spin densities for the initial states, with κ = 0.1, for the
(a) N↑ = 3, N↓ = 2 and (b) N↑ = 4, N↓ = 1 cases. Solid (light
red) and dashed (dark blue) curves describe the spin densities for
the ↑ and ↓ components, respectively. The separation of different
components in the trap indicates a FM behavior.
We now construct the initial states of the system by
choosing the ground states in which the intraspecies
interaction is smaller than the interspecies interaction
(κ = 0.1). In Fig. 3 we show the spin densities for the
imbalanced cases of N↑ = 3, N↓ = 2 and N↑ = 4, N↓ = 1.
At this point, due to the difference in the interaction
strengths, the species tend to separate in the trap. The
densities profiles for κ < 1 show a ferromagnetic order
[19] of the Ising type, as opposed to the case where κ = 1,
which will be addressed next. In panel (b), we see a den-
sity that is similar to that of the Bose polaron [26], where
a strongly interacting impurity is pushed to the edges of
the system.
III. DYNAMICAL PREPARATION OF
MAGNETIC STATES
A. Imbalanced System
We now consider the time evolution of the system for
a slow increase in the intraspecies interaction parameter
κ. We take κ varying in the interval [0.1, 10.1]. The
eigenfunctions of the spin chain Hamiltonian thus evolve
as
|χ(tf )〉 = U(tf , t0)|χ0〉 (7)
where U(tf , t0) is the time evolution operator and |χ0〉 is
the initial state. Since the hamiltonian is time dependent,
we can break the time evolution in several steps
|χ(tf )〉 = U(tN , tN−1)...U(t2, t1)U(t1, t0)|χ0〉 (8)
increasing ∆κ = 10−5 and taking the Hamiltonian to be
constant at each time step.
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FIG. 4: Time evolution of the squared fidelities for (a) the N↑ =
3, N↓ = 2 and (b) the N↑ = 4, N↓ = 1 cases. Identical results
for symmetric states (e.g. F 2↓↓↑↑↑ = F
2
↑↑↑↓↓) are omitted. At t =
0.45 × 104 [τ ], the system reaches the Heisenberg type FM state
characterized by κ = 1, where the values for all the projections are
the same.
4During the first steps of the time evolution (κ ∼ 0.1)
the change in energy at each step is larger than the spin
gap ∆E between the ground state and the first excited
state of Hamiltonian 3. This means that, initially, the
evolution of the system is not adiabatic. Therefore, the
whole set of eigenvalues and eigenstates of the spin chain
must be calculated for all times. The energy gap between
the ground state and the first excited state of the spatial
wave function, however, is given by h¯ω  ∆κh¯ω, so we
can neglect the excited states of Φ(x1, x2, ..., xN ).
The recursion formula for the time evolution of the
spin wave function is then given by
|χi+1〉 =
ν∑
n=1
ci+1n e
−iEi+1n ∆t|φi+1n 〉, (9)
where i denotes the time step, Ei+1n and |φi+1n 〉 are the
eigenvalues and eigenvectors of the Hamiltonian 3 at step
i+1, ci+1n = 〈φi+1n |χi〉 and ν is the number of eigenstates
(the total time evolution may be thought of as a suc-
cession of small quenches, with fixed ∆t = 0.05 [τ ]). In
Fig. 4 we show the dynamical squared fidelities F 2ξ (t),
with Fξ(t) = |〈ξ|χ(t)〉|, where |ξ〉 is some basis state
(e.g. |ξ〉 = |↑↑↑↓↓〉 for the N↑ = 3, N↓ = 2 case). Since
the eigenstates are composed of linear combinations of
the symmetric basis states, in Fig. 4, the results of the
squared fidelities for states such as |↑↑↑↓↓〉 and |↓↓↑↑↑〉
are identical. Therefore, we choose to omit the results
for the symmetric cases.
FIG. 5: Initial part of the time evolution (t ≤ 1.5× 104 [τ ]) of the
spin densities for the cases of (a) N↑ = 3, N↓ = 2 and (b) N↑ =
4, N↓ = 1. Light (red) and dark (blue) curves indicate the ↑ and ↓
components, respectively. Initial profiles (up to t = 0.5 × 104 [τ ])
indicate FM states. At around t = 104 [τ ], AFM profiles start to
arise.
In Fig. 5 we present the time evolution (up to t =
1.5×104 [τ ]) of the spin densities for the two imbalanced
cases under consideration. We see that, for 0 < κ ≤ 1,
the system evolves through a FM phase. This phase is
characterized first by the separation of the two compo-
nents in the trap and then (around t = 0.45 × 104 [τ ]
and κ ∼ 1) by the typical densities of two-component
bosonic systems with strong repulsive interactions [39].
For the particular case of κ = 1, all the interactions
between bosons are identical. The magnetic order is
of the Heisenberg type with isotropic interactions, and
the squared fidelities assume the same values for all ba-
sis states, as we can observe in Fig. 4. In this regime,
the densities show the profiles that characterize itinerant
ferromagnetism (notice the distinction between the pro-
files in this regime and in the Ising type FM regime of
κ < 1). In Fig. 6 (a) and (b), we show the comparison
between the slice at t = 0.5× 104 [τ ] (which corresponds
to κ = 1.1), and the results obtained by exactly diago-
nalization of Hamiltonian 3 with g = −100 and κ→∞.
In this limit, the densities reproduce the results expected
for the strongly attractive two-component fermionic gas
[27].
As the intraspecies interaction becomes stronger (κ >
1) an AFM profile starts to arise. This is translated in
Fig. 4 as the increase of the projections over the states
|↑↓↑↓↑〉 (green dash-dotted curve in (a)) and |↑↑↓↑↑〉
(purple dashed curve in Fig. 4 (b)). This effect can be
seen already during the first part of the time evolution
(t ≥ 1.0 × 104 [τ ]), as it is shown in Fig. 5. Finally, for
κ  1, the AFM profiles become more pronounced (rig-
orously, a AFM state can only be reached for κ → ∞).
In Fig. 6 (c) and (d), we compare the final densities at
κ = 10.1 to the results obtained for κ→∞. The results
in this case match the AFM states of strongly repulsive
two-component fermions. It is important to point out
that while the spin densities may reproduce results of
fermionic systems in certain limits, this may not be true
for other correlations (e.g. the momentum distribution).
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FIG. 6: Intermediate and final profiles for the time evolution of
spin densities. Light (red) and dark (blue) curves indicate the ↑
and ↓ components, respectively. Upper panels show the profiles at
κ = 1.1 (t = 0.5 × 104 [τ ]) for the (a) N↑ = 3, N↓ = 2 and (b)
N↑ = 4, N↓ = 1 cases. The gray dots correspond to the results
obtained with g = −100 and κ → ∞. The lower panels show the
final profiles (t = 0.5× 105 [τ ], κ ∼ 10) for the (c) N↑ = 3, N↓ = 2
and (d) N↑ = 4, N↓ = 1 cases, now compared to the limiting case
of g = 100 and κ→∞ (gray dots).
5The total time evolution is given by tf = 0.5× 105 [τ ].
In current experimental setups, the inverse frequency τ is
of the order of 100µs [13]. This results in a total time of 5
seconds for the process we are considering, which is a rel-
atively long time for experiments with ultracold atoms.
We point out, however, that the transition from FM to
AFM-like profiles is manifested early on in this time evo-
lution. This means that these effects could conceivably
be observed in smaller time intervals. Alternatively, in-
creasing the trap frequency could lead to smaller time
scales, where the increase in the interactions would take
a shorter time.
B. Balanced System
We consider now a balanced system composed of N↑ =
2, N↓ = 2. Once again we choose an initial state where
the intraspecies interaction is smaller than the inter-
species interaction (κ = 0.1).
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FIG. 7: (a) Spin densities for a balanced N↑ = 2, N↓ = 2 system.
Solid (light red) and dashed (dark blue) curves indicate the ↑ and
↓ components, respectively. Due to the absence of imbalance, there
is no change in the spin densities as κ is varied. (b) The squared
fidelities display a transition from FM to AFM states similar to
those observed in the imbalanced cases.
In Fig. 7 (a), although a FM profile is still observed,
there is no visible separation of components in the trap,
due to the fact that the system is now balanced. Since the
probabilities of finding spin up and down bosons at each
site are always the same, the spin densities do not change
in time as κ increases. However, the squared fidelities
display a behavior analogous to that of the imbalanced
cases, where the AFM states become dominant as κ →
∞. Unlike the imbalanced cases, the AFM state for N↑ =
2, N↓ = 2 is composed by the linear combination of |↑↓↑↓〉
and |↓↑↓↑〉.
IV. CONCLUSIONS
We showed that different magnetic states can be ad-
dressed by dynamically changing the intraspecies inter-
actions of a two-component strongly repulsive few-body
bosonic gas. Due to the strong interactions, this model
can be mapped to an effective spin chain with solutions
that completely determine the state of the system. By
slowly increasing the interactions between the identical
bosons, we are able to keep the spatial densities fixed
in the ground state, while the spin eigenstates evolve in
time. The spin densities then display a clear transition
between FM and AFM profiles. In addition, during this
evolution the system exhibits results that match the lim-
iting cases of strong interspecies attraction or repulsion,
depending only on the tuning of the parameter κ.
Future elaborations of the work presented here could
be based on the study of quench dynamics in strongly in-
teracting bosonic mixtures, now taking into account the
excited states of the spatial wave function. Other inter-
esting extensions would include the dynamics of larger
ensembles of interacting bosonic gases, which could help
bridge the gap between the few-body and many-body
landscapes.
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